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Example 3 
24  November 

3,  1998 
Use the definition of derivative to find ݂\ሺݔሻ where   ݂ሺݔሻ = ଶݔ + sin  ݔ

Solution ݂ሺݔሻ = ଶݔ + sin ݔሺ݂  ݔ + ℎሻ = ሺݔ + ℎሻଶ + sinሺݔ + ℎሻ  ݂\ሺݔሻ = lim௛→଴     ݂ሺݔ + ℎሻ − ݂ሺݔሻℎ  = lim௛→଴     ሺݔ + ℎሻଶ + sinሺݔ + ℎሻ − ଶݔ − sin ℎ ݔ            = lim௛→଴     ሺݔ + ℎሻଶ − ଶ ℎݔ +  lim௛→଴     sinሺݔ + ℎሻ − sin ℎ ݔ           =  lim௛→଴ ଶݔ     + ℎݔ2 + ℎଶ − ଶ ℎݔ +  lim௛→଴     sin ݔ cos ℎ + cos sin ݔ ℎ − sin ℎ ݔ           =  lim௛→଴ ℎݔ2     + ℎଶ ℎ +  lim௛→଴     ሺsin ݔ cos ℎ − sin ሻݔ + cos sin ݔ ℎ ℎ   
          =  lim௛→଴     ℎሺ2ݔ + ℎሻ ℎ +  lim௛→଴     sin ሺcosݔ ℎ − 1ሻ + cos sin ݔ ℎ ℎ            =  lim௛→଴ሺ2ݔ + ℎሻ +  lim௛→଴     sin ݔ ሺcos ℎ − 1ሻℎ + cos ݔ  lim௛→଴ sin ℎℎ   
        = ݔ2 + sin ݔ ሺ0ሻ + cos ݔ ሺ1ሻ = ݔ2 + 0 + cos ݔ = ݔ2   + cos   ݔ
 

DIFFERENTIABLE AND CONTINUOUS FUNCTIONS 
 

Example 4 
Let  ݂ሺݔሻ = ൝ ଶݔ if ݔ ≤ ݔ ܣ1 + ܤ if ݔ > 1 

Find A and B so that   ݂\ሺݔሻ   is exist 

Solution lim௫→ଵష  ݂ሺݔሻ = lim௫→ଵ   ݔଶ  = 1  lim௫→ଵశ  ݂ሺݔሻ = lim௫→ଵ   ݔ ܣ + = ܤ + ܣ ∵  ܤ   ݂  is  differentiable     ∴   ݂  is  cont. lim௫→ଵష  ݂ሺݔሻ = lim௫→ଵశ  ݂ሺݔሻ ∴ + ܣ  = ܤ ܤ                1 = 1 − ሺ1ିሻ\݂   ܣ = lim௫→ଵష     ݂ሺݔሻ − ݂ሺ1ሻݔ − 1  = lim௫→ଵ ଶݔ     − ݔ 1 − 1 = lim௫→ଵ     ሺݔ − 1ሻሺݔ + 1ሻݔ − 1   =   lim௫→ଵ     ሺݔ + 1ሻ  =   2 
        ݂\ሺ1ାሻ =  lim௫→ଵశ     ݂ሺݔሻ − ݂ሺ1ሻݔ − 1 =  lim௫→ଵశ ݔ ܣ     + ܤ − ݔ 1 − 1 =  lim௫→ଵశ ݔ ܣ     + 1 − − ܣ ݔ 1 − 1 =  lim௫→ଵశ ݔ ܣ     − ݔ  ܣ − 1                =  lim௫→ଵశ ݔሺ ܣ     − 1ሻ  ݔ − 1  =   ܣ  
 ∵   ݂  is  differentiable     ∴   ݂ሺ1ିሻ =  ݂ሺ1ାሻ ∴ ܣ = ܤ       2 = 1 − 2 =  −1 
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Example 5 
1  December 3  

1992 

Let    ݂ሺݔሻ = ۔ۖەۖ
ଶඨ1ݔۓ + ଶݔ1 if ݔ ≠ 0

0 if ݔ = 0 

Use the definition to determine whether ݂\ሺ0ሻexists or not 

 Solution ݔଶඨ1 + ଶݔ1 = |ݔ|ଶݔ    ඥݔଶ + 1  
  ݂ሺݔሻ = ቐ ଶݔඥݔ + 1 if ݔ > 00 if ݔ = ଶݔඥݔ−0 + 1 if ݔ < 0  
݂\ሺܽሻ =  lim௫→௔   ݂ሺݔሻ − ݂ሺܽሻݔ − ܽ  ݂\ሺ0ିሻ  = lim௫→଴ష   ݂ሺݔሻ − ݂ሺ0ሻݔ − 0 = lim௫→଴ ଶݔ√ݔ−     + ݔ1  = lim௫→଴    −ඥݔଶ + 1  =  −1 ݂\ሺ0ାሻ = lim௫→଴శ   ݂ሺݔሻ − ݂ሺ0ሻݔ − 0   =   lim௫→଴శ ଶݔ√ݔ  + ݔ1 =  lim௫→଴శ     ඥݔଶ + 1  = 1                ∴   ݂\ሺ0ିሻ ≠  ݂\ሺ0ାሻ       →       ∴   ݂\ሺ0ሻ     ܦ. ܰ.  ܧ
 

Example 6 
13 November 13,  

1995 
Let    ݂ሺݔሻ = ൝ܣ cos ݔ + ܤ sin ݔ if ݔ ≥ ଶݔ ܣ0 − ݔ + ܤ3 if ݔ < 0   

Find the constants A and B for which ݂\ሺ0ሻ exists  

Solution ݂\ሺ0ሻ   Exists ∴    ݂  is  cont   ܽݔ  ݐ = 0  lim௫→଴ష  ݂ሺݔሻ = lim௫→଴ష    ݔ ܣଶ − ݔ + =  ܤ3 ሻݔlim௫→଴శ  ݂ሺ ܤ3 = lim௫→଴శ    ܣ cos ݔ + ܤ sin ݔ   =  ܣ
                    ∴ = ܣ   ሺ0ሻ݂ ܤ3   = ܣ cosሺ0ሻ + ܤ sinሺ0ሻ = ሺ0ିሻ\݂ ܣ  = lim௫→଴ష   ݂ሺݔሻ − ݂ሺ0ሻݔ − 0  = lim௫→଴ష ଶݔ ܣ   − ݔ + ܤ3 − ݔܣ  = lim௫→଴ష ଶݔ ܣ     − ݔ + ܣ − ݔܣ  = lim௫→଴ష ଶݔ ܣ     − ݔݔ                 = lim௫→଴ష ݔ ܣሺݔ     − 1ሻݔ  = lim௫→଴ష ݔܣ     − 1   =  −1  ݂\ሺ0ାሻ =  lim௫→଴శ     ݂ሺݔሻ − ݂ሺ0ሻݔ − 0  = lim௫→଴శ ܣ     cos ݔ + ܤ sin ݔ − ݔܣ = lim௫→଴శ     ሺܣ cos ݔ − ሻܣ + ܤ sin ݔݔ                =   lim௫→଴శ ሺcosܣ     ݔ − 1ሻݔ +  lim௫→଴శ ܤ     sin ݔݔ  = 0 + = ܤ ሺ0ሻ exists       →  ݂\ሺ0ିሻ\݂ ܤ  = ݂\ሺ0ାሻ 
ܤ            = = ܣ                    1−   −3    
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Homework 

 
1 

12  November  
1995 

Use the definition of derivative to find ݂\ሺݔሻ, where ݂ሺݔሻ = ݔ√ + 1  where ݔ > −1 

2 Let  ݂ሺݔሻ = √1 +  ሻ from the definition of derivativeݔଶ     . Find ݂\ሺݔ

3 
42   March 29, 

2006 
Given     ݂ሺݔሻ = ൝ݔଶ − ݔ + 1 if ݔ < ଷݔ1 if 1 ≤     ݔ

 Find   ݂\ሺ−1ሻ  and   ݂\ሺ1ሻ   if they exists or explain why, if any of them does not exist 

4 
Let  ݂ሺݔሻ = ۔ۖەۖ

ଶݔۓ + 15 if ݔ ≥ ଶݔ08 + 4 if ݔ < 0 

Use the definition to find the derivative of  f  at ݔ = −2  if it exists 

5 
6  January 6,  1993 

Find the constants A and B so that   ݂ሺݔሻ = ൝2 sin ݔ + cos ݔ if ݔ < ݔ ܣ0 + ܤ if ݔ ≥ 0 

is continuous and differentiable at ݔ = 0    

6 
Let  ݂ሺݔሻ = ൝ݔଶ + ݔ2 + 1 if ݔ ≤ 01 + sin ݔܣ if ݔ > 0 

Use the definition of derivative to find A so that  f  is differentiable at ݔ = 0 

7 
Test the continuity and differentiability of the function ݂ሺݔሻ = ൝ݔଶ + ݔ2 + 2 if ݔ < 02 + sin ݔ if ݔ ≥ 0  

8 
11  August 11,  

1994 A 
Let    ݂ሺݔሻ = ൝ 3 + sin ݔܣ if ݔ ≥ ଶݔ0 + ݔ2 + 3 if ݔ < 0   

Use the definition of derivative to find A so that  f  is differentiable at ݔ = 0 
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Homework 
 
 

9 
Let      ݂ሺݔሻ = ൝     sin ݔߨ , ݔ < ଶݔሺܣ  1 − 1ሻ + ,ܤ ݔ ≥ 1. 
Find A and B so that  f \ሺ1ሻexists. 

10 
21   May 
27. 2001 

Let ݂ሺݔሻ = ൝ cos ݔ , if ݔ < 0,1 − ଷݔ , if ݔ ≥ 0. 
Use the definition of the derivative to find ݂′ሺ0ሻ. 

11 
19   July  
29,  2000 

Let ݂ሺݔሻ = ൝ ܣ + ,ݔ2 if ݔ ≤ 1,2 − ଶݔܤ if ݔ > 1. 
Find all constants A and B so that ݂ is differentiable at ݔ = 1 

12 
23   April 
27, 2000 

Let ݂ሺݔሻ = ൝  cos ݔ , ݔ ≥ ݔܣ0 + ,ܤ ݔ < 0  

Find A and B so that  f  is differentiable at 0. 

13 
17  January  

8 ,1997 
 

Let ℎ be differentiable on ሺ−∞ ,∞ ሻ and  ℎ′ሺ0ሻ = 2 Find the constant ܣ so that 

݂ሺݔሻ = ۔ە
ሻݔℎሺ  ۓ − ℎሺ0ሻ√ݔ + 1 − 1 −1 ≤ ݔ < 0

ܣ ݔ ≥ 0  is continuous  at ݔ = 0 

14 
25   

January 12 
.2003 

Use the definition of the derivative to show that the following function is 

differentiable at ݔ = 12 

݂ሺݔሻ = ۔ۖەۖ
ݔcosሺ2ۓ − 1ሻ + ଶݔ4 − ݔ2 , if ݔ ≤ 12

2 − ݔ12 , if ݔ > 12  
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